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Abstract-This investigation treats the response of the semi-infinite plate with free faces subjected to
suddenly applied normal loads on its end. The plate is elastic and in plane strain. The normal loads are
symmetric and act in the absence of shear stress, i.e. the plate has nonmixed end conditions. A double
Laplace transform technique is used to obtain long-time information for two particular normal loads; the
uniform load and the line-load. Near-field and far-field approximations are found. Results in the long-time
near-field for the uniform load reduce to elementary forms; for the line-load however, the corresponding
forms are quite complex entailing singular terms and some numerically evaluated contributions. The far-field
approximations give rise to integral of the Airy function forms for both loads and, if the forces applied under
the two loadings are equal, these far-field responses are shown to be identical.

INTRODUCTION

Analysis of semi-infinite waveguides based on the equations of motion of linear elasticity is a
subject of long-standing interest. Miklowitz [1] gives a review of the area up to 1969. As is pointed
out in [1], contributions on mixed problems (combinations of stresses and displacements
prescribed at the edge) are relatively numerous compared to those on the more physical
nonmixed problems (stresses or displacements prescribed at the edge). This is because in the
mixed problems a direct application of integral transforms leads to solutions whereas in the
nonmixed problems it is impossible to find a combination of transforms which "asks for" the
appropriate edge quantities. Benthem [2] developed a technique for handling this nonmixed
character for the corresponding static problem in his paper on the stress analysis of elastostatic
strips. In [1] this technique is extended to the elastodynamic case, the resulting method treating
the semi-infinite waveguide in plane strain and composed of a homogeneous and isotropic linear
material.

In the method Laplace transforms on time t and the propagation coordinate x t are applied to
the displacement equations of motion. For the plate with free faces,t expressions for the
transformed displacements, ii(s, y, p) and B(s, y, P),§ are subsequently obtained. These
expressions contain all six edge unknowns: il (0, y, p), v(0, y, p), (ail /ay )(0, y, p), (av / ay )(0, y, p),
(ail /ax )(0, y, p) and (av /ax )(0, y, p). Differentiation with respect to y and application of the edge

tWithin the plate 0< x < 00 with x = 0 at the plate edge (or end).
Hhe faces occur at y = ± h, y being the thickness coordinate of the plate.
§Here the Laplace transform on time t is denoted by a bar and has parameter p while the transform on x is denoted by a

tilde and has parameter s.
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276 G. B. SINCLAIR and JULIUS MIKLOWITZ

conditions t effectively reduces the number of edge unknowns to two. Now boundedness of the
solution for x ~ 00 insists that fl(s, y, p) and B(s, y, p) have no poles in the right-half s-plane. But
a(s, y, p) and B(s, y, p) are found to have R (s, p) in their denominators. And R (s, p) set equal to
zero is a generalized form of the Rayleigh-Lamb frequency equation for symmetric waves in a
plate, which implies, for any given p there exists an infinite set of points in the right-half s-plane
at say, S = Sj(p), such that R(sj(p), p) = O. Consequently the numerators of fl(s, y, p) and
B(s, y, p) must be set equal to zero at S Sj(p). When this is done the boundedness condition so
furnished takes the form of a pair of coupled integral equations in the edge unknowns.+ Solution
of this boundedness condition then completes the determination of the edge unknowns.

To tackle the boundedness condition in [1], Miklowitz considers the case p -40 corresponding
to the long-time. Since the long-time near-field in his problem involving a buiilt-in edge may
reasonably be expected to be static in nature, this small-p approximation enables him to follow
the technique used by Benthem and represent the edge unknowns by Fourier series in the
thickness coordinate y, in conjunction with the appropriate singular terms in y drawn from
elastostatic theory.§ These forms differ from Benthem's in that they are p-dependent: this
dependence being present in the Fourier series coefficients an (p) and bn(p), and in the singular
term coefficient ao(p). Substituting these forms for the edge unknowns in the boundedness
condition and integrating gives a pair of algebraic equations in the coefficients ao(p), an (p ) and
bn(p) which hold for all s = Sj(p). Carrying out the small-p approximation for this pair of
equations show the coefficients all to be ordOjp) (i.e. static in nature) as expected. Further for
p -40, Sj (p ) = Sj the roots of

sin 2sh +2sh = O~

which lie in the first quadrant. These Sj are the same values that occur in Benthem's analysis and,
as in [2], Miklowitz then proceeds to a solution for the coefficients via the method of reduction.
The attendent formal solution is then inverted using known techniques to provide long-time
information for a nonmixed problem of the displacement type.

In the present work the method is employed to obtain long-time solutions to two nonmixed
problems of the stress type. Both problems involve the longitudinal response of the plate to
normal loads which are suddenly applied to the plate edge and act in the absence of shear stress.
They are: Problem A, a uniform normal load : and Problem B, a normal line-load applied at the
center of the plate edge. Problems A and B can be regarded as the first and limiting members,
respectively, of the sequence of uniform normal loads acting on the interval (-~, ~) as ~

decreases from the plate half-thickness h, to zero. It follows that the responses found for the two
problems can be expected to encompass the long-time behavior of the plate (with free faces)
when it is suddenly subjected to any symmetric normal edge-loading.

In using the boundedness condition approach to derive the long-time responses for Problems
A and B, the crux of the derivation lies in the choice of appropriate representations of the edge
unknowns. These representations are constructed by adjoining the singular-term-plus-Fourier
series type representations of [1, 2] with forms which correspond to (in the transformed p-plane)
the long-time time-dependence of the edge quantities. Such additional forms are obtained from

tThe pair of conditions which prescribe either the stresses or the displacements at the plate edge.
*Cf, the algebraic system found by Benthem in(2] for the static case.
§As Benthem states, the addition of such singular terms is necessary to ensure the convergence of the Fourier series.
~Here h is the plate half-thickness.
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the associated elementary theolY. Then, following a similar method to that of [1], the edge
unknowns are determined in detail, leading to the formal solutions of the two problems. Inversion
is then undertaken using known procedures.

Results in the long-time near-field for Problem A reduce to simple closed forms, the Fourier
series coefficients being found to be zero in this instance. For Problem B the corresponding
results involve time-dependent components, singular terms (of static character), and Fourier
series with numerically evaluated coefficients. The far-field long-time approximations for the
two problems lead to integrals of the Airy function-the same form that arises in mixed
problems [I]. Further, comparison of these two far-field responses shows that if the same force is
applied in both problems, the same far-field response will result.

1. GENERAL FORMULATION AND FORMAL SOLUTION. BOUNDEDNESS CONDITION

We now formulate the class of elastic waveguide problems to be considered. Plane
rectangular cartesian coordinates are chosen for the plate section such that the x -axis is in the
direction of propagation whilst the y-axis is in the thickness direction (Fig. I). The displacement
in the x-direction is u; in the y-direction, v. The plate thickness is 2h.

The plate is composed of a homogeneous and isotropic linear elastic material. Under the
assumptions of plane straint the governing displacement equations of motion are

(1.l)

on D, the interior of the domain D = {x, Ylo:s x, -h :s y s h}, and for t > O. Here Cd =
vi(A +2IJ-)/p and Cs = v'IJ-/p are the dilatational and equivoluminal body wave speeds
respectively, with A and IJ- the Lame constants and p the mass density. The associated

y

v

h
)

0 u

h
(

Fig. 1. Coordinates and displacements for the semi-infinite plate.

tIf the direction perpendicular to the xy-plane is designated as the z-axis with w the displacement in that direction then
these plane strain assumptions require that EI!Elz be a null operator and II' = O.
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[k
2 au 2 av ( ]aAx, y, t) == I-t ax (x, y, t) +(k - 2) ay x, y, t) ,

[

2 au 2 av ]
CTy (x, y, t) == I-t (k - 2) ax (x, y, t) +k ay (x, y, t) ,

[
au av ]

Txy(X, y, t) == I-t ay (x, y, t) + ax (x, y, t) ,

(1.2)

on D for t > O. Here CTx, CTy, Txy denote the rectangular components of stress and e == c//c/.
The plate is quiescent. Hence the initial conditions are

au av
u(x, y, 0) == vex, y, 0) == 0, at (x, y, 0) == at (x, y, 0) == 0,

on D. Conditions at infinity are taken as

au
. {U(X, y, t), ax (x, y, t), etc.}_

hm a - 0,
x_oc V

v(x, y, t), ax (x, y, t), etc.

(1J)

(1.4)

on D for t ~ O. Since the plate has stress-free surfaces at y == ± h we have the plate-face
conditions

CTy(X, h, t) == Txy(X, h, t) == 0, (1.5)

for x > 0, t 2: O. Here we have suppressed the condition at y == - h because we are only
concerned with excitation of the plate which is symmetric with respect to the x-axis and for such
excitation we have the symmetry criteria

v(x,O, t) == 0, Txy (x, 0, t) == 0, (1.6)

for x> 0, t ~ O.t Finally we have our two edge conditions. The first of these specifies the normal
stress which is suddenly applied at time t == 0 on the edge, and the second maintains zero shear
stress there. Equations (1.1)-(1.6) in conjunction with the edge conditions define the class of
problems from which the two particular problems of ensuing sections will be drawn.

We now focus on a formal solution for this class of problems defining the Laplace transforms
on x (parameter s) and t (parameter p) by

l<s)== L~ f(x)e-
SX

dx, J(p)==r f(t)e- P
' dt. (1.7)

Double transformation of (1.1), followed by the application of (1.2), (1J), (1.5), (1.6) and the

t As we have now restricted our investigation to symmetric loadings we need only consider the upper half-plate (0:5 X,

o'" Y:5 h) from hereon.
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attendant inversion formulae for (1.7), produces the forms that follow in equations (1.8)-(1.l4).t
First, the pertinent inversion integrals,

{
U(X, y, t)} __1 r pt [_1 ( sx {~(s, y, P)} d ] d
v(x,y,t) -27TiJBtp e hiJBr, e v(s,y,p) s p,

in which Brp is the Bromwich contour in the p-plane, Brs that in the s-plane. Here

a(s, y, p) = al(s, y, p)+ a2(s, y, p),

with

a1(s, y,p)= k~2rU:2

sinh a(y - y')+ (3 sinh{3(y - y')]ft(s, y',p)

+ s[cosh a(y - y') -cosh {3(y - y')]/2(s, y', P)} dy',

81(s, y, p) = k~2f ([a sinh a(y - y')+ ~2 sinh (3(y - y') ]/2(S, y', p)

+ s [cosh a(y y') - cosh {3(y - y')]ft(s, y', P)} dy',

and

ab, y, p) = [Cl(S, p) cosh ay +C2(s, p) cosh (3y]/R(s, p),

8ls, y, p) = [~CI(S, p) sinh ay +* Cls, p) sinh {3yJ!R(S,P),

where

R(s, p) = 'l cosh ah sinh {3h +4s 2a/3 sinh ah cosh (3h,

and

C1(S, p) = - s[yII(s, p) sinh /3h +2s/3I2(s, p) cosh f3h],

C2(S, p) =(3 [2saII(s, p) sinh ah - yI2(s, p) cosh ah],

II(S, p) = k~2r{;; [" sinh a(h - y) +2af3 sinh f3(h - y)]ft(s, y, p)

+[" cosh a(h - y)-2s 2cosh {3(h y)]/2(s, y,P)} dy +(e-2)u(0, h,p),

Ms, p) = k~2Lk

{[2S
2

cosh a(h - y) " cosh (3(h - y)]ft(s, y, p)

+* [2a{3 sinh a(h - y)+Y sinh f3(h - y)]/2(s, y, P)} dy - v(O, h, p),

tSee MikJowitz[3j for details of the derivation of this set.

(1.8)

(1.9)

(1.10)

(1.11)

(1.12)

(1.13)
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k2[ - au ] > aDfl(s, y, p) = . su (0, y, p) +ax (0, y, p) +(k" 1) ay (0, y, p),

_ aD > aa
h(s, y,p) = sv(O, y, p)+ ax (0, y, p) + (k"-l) ay (0, y, p).

(1.14)

Here a 2=ki - S2, f32 = k/ S2, l' 2s 2- ks
2

, kl = p 2/c/ and k/ =p 2Ic/.
Observe that fi (s. y. p) and 6(s, Y. p) involve, via it(s. y, p) and h(s, y. p) of (1.14), the six edge

unknowns: a(O, y, p), D(O, y, p), (aalay)(O, y, p), (aDl ay )(0, y, p), (au! ax )(0, y, p) and (aD Iax)
(0, y, p). Differentiation with respect to y of the first pair of these quantities yields the second
pair. Application of the edge conditions further reduces the number of edge unknowns requiring
determination to two. It remains for us to utilize the only condition left in the preceding
formulation, to wit the infinity condition 0,4), to obtain a means for ascertaining these last two
edge unknowns.

Note that the denominator of fi2(s, y,p) and 62(s, y,p) given in (1.11) is R(s,p) of (1.12). Now
R (s, p) set equal to zero is a generalized form of the Rayleigh-Lamb frequency equation for
symmetric waves in an infinite elastic plate. Hence R (s, p) has an infinite set of zeros in each
quadrant of the complex s-plane for any given p-value. In particular there exists S Sj(p) such
that

(1.15)

Accordingly, for S = Sj(p) satisfying (1.15) and C1(Sj(p).p), C2(Sj(P),p) of (1.11) not equal to
zero, fi (s, y, p) and 6(s, y, p) would have poles in the right-half S -plane. For such poles a residue
evaluation of the inner integral in (1.8) would lead to exponentially unbounded waves as x -400- a
violation of (1.4). Thus to eliminate the possibility of such transcendentally large terms
C1(Sj(p),p) and Cz(Sj(p),p) are set equal to zero. This yields for s Sj(p)

-; rh {[2s2 cosh ay cosh f3Y]ft( S ) _ "::[2a
f3

sinh ay
ks Jo cosh ah l' cosh f3h ' y, P f3 cosh ah

(1.16)

Sinh f3Y ]f }d - 2 - h+1'coShf3h 2(S,y,P) y-v(O,h,p)-(k -2)!/!u(0, ,p)=O,

with !/! = (2sa 11') tanh ah - (1'12sf3) tanh f3h. Equation (1.16), the boundedness condition,
corresponds to equation (23) of [1]. Its solution completes the determination of the edge
unknowns.t

2. PROBLEM A: THE UNIFORM LOAD

In this section we use the boundedness condition of Section 1to find the formal solution valid
for small p-thence the long-time solution-for the specific problem of a uniform normal stress
suddenly applied to the end of our waveguide (Fig. 2). Thus ifA is a positive quantity with the
dimensions of stress; U(t) is the unit step function.

tObserve that (1.16) is a complex·valued equation and thus furnishes a pair of coupled integral equations.
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xy

=0

h
)

Fig. 2. Edge conditions for Problem A.

This particular loading is expressed through the stress-displacement relations (1.2) by

- (0 [k 2 au 2 av ] CTA
CT, ,y,p)=t-t ax (O,y,p)+(k -2)ay(0,y,p) =-p'

_ [au av ]T,y(O, y,p) = t-t ay (0, y,p)+ ax (0, y,p) =0,

281

(2.1)

for 0 ::0; Y ::0; h, Re p > O. Here the quantities concerned have been transformed with respect to
time so as to involve the edge unknowns explicitly.

The long-time behavior of the waveguides we are currently studying can be determined on
inversion of the ii(s, y,p), 6(s, y,p) forms found for small p. It follows that the small-p
determination, via the boundedness condition, of the edge unknowns satisfying (2.1) will lead to
the formal solution of the present problem. To accomplish this we must find suitable forms for
the edge unknowns for small-p which we can then substitute into (1.16) and thus "open up" the
boundedness condition. In estalishing such forms for the edge unknowns we first turn to the
elementary theory of compressional waves in a plate as our modus operandi for estimating those
components of the edge unknowns which correspond to the long-time time-dependence of the
displacements and displacement gradients at the edge: it being our hope that the introduction of
these elementary theory terms will cause any remaining y-dependent contributions to the small-p
edge unknowns to be O(I/p) (i.e. corresponding to terms which are either static in nature or
decaying with time) and thus enable us to proceed in the manner of [1].

For the elementary theory the equation of motion is derived directly on assuming that the only
stress component present is a normal stress which is uniform over any cross-section of the plate
that is perpendicular to the direction of propagation of the long waves (the x-direction). Setting
the second of (1.2) equal to zero and substituting the result found thereon for (av /ay) in the first
of (1.2) furnishes the associated constitutive relations. On combining these expressions we have
the standard field equations of the elementary theory,

a2ue I a2ue

ax2 (x, t) = c/ar (x, t),

ave (e 2)aU
e

BY (x, y, t) = - -p- ax (x, t),

• (e-l)au'
CT, (x, t) = 4t-t -p- ax (x, t),

(2.2)
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holding on D for t > 0, where Cp c" V4(e - l)e is the plate wave speed and the superscript e
intimates that the quantities involved are drawn from the elementary theory.t

To pose the analogous problem to Problem A for the elementary theory, we take a plate of
unit width at rest, impinge on its end a force of magnitude 2uA h in the positive x-direction and
thereafter retain only outward traveling waves (those propagating in the positive x -direction).
For a plate subjected to these conditions, application of the Laplace transform on time readily
produces, at the edge x = 0,

-'(0 ) eTA au' ( e )00' eTAu ,p = pkp' -ax(O,p) = - k2-2 ay(O,y,p)= -p' (2.3)

for O:s; y :s; h, Re p > O. Here kp =pICp and eTA is the dimensionless stress input for Problem A
defined by

(2.4)

To the estimates in (2.3) we adjoin a supplementary set of edge unknowns-distinguished by
the superscript a-to account for any differences between the elementary and exact theories.t For
these additional contributions we employ the technique used in [1] and represent them by Fourier
series in y with the p-dependence incorporated into the series coefficients.

The quarter-range Fourier series § chosen are

A ( ) . n1TY
n p sm 2h '

(2.5)

for O:s; y :s; h, Re p > O. These series constitute a good choice in as much as they preclude the
possibility of Gibbs' phenomena at the end points of the interval of representation (0, h], which in
turn ensures that the coefficients An(p) and Bn(p) must "go down" faster than lIn as n-+oo.~

Such a decay will be of value in any subsequent numerical calculations.
Integrating (2.5) on invoking the first of the symmetry criteria (1.6) generates

~

ua(O,y,p)=UC(p)+ L
n=1,3.5•..

n1TY
an (p ) cos 2h '

(2.6)

"" b ( ) . n1TYinO, y, p) = n~1:f"5... n p sm 2h'

tIt should be noted that (2.2) cannot in general be realized as a consistent specialization of the equations of motion and the
stress-displacement relations quoted in Section 1.

tHy the term "exact theory" we will mean the plane strain simplification of the 3-dimensional theory of linearelasticity.
§It may easily be seen that the series representations in (2.5) can be drawn from the half-range series on [0, 2h] in much the

same manner that the half-range series on [0, h] can be extracted from the full Fourier series on [- h, h]. Thus a Fourier theorem
holds true for the series of (2.5) and the name "quarter-range Fourier series" is appropriate.

fIhe proof of this result rests largely on the Riemann-Lebesque lemma-see, for example [4].
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for 0::;; y ::;; h, Re p > O. Here we have introduced for the transformed supplemental corner
displacement in the x-direction u" (0, h, p) the notation uC (p) and exchanged (-2h /n1T )An(p) for
an (p), (2h {n7T )Bn(p) for bn(p). Observe that our method of procuring (2.6) establishes the
validity of term-by-term differentiation of the series there. Notice also that as a consequence of
the large-n behavior secured for An (p), Bn(p), the coefficients in (2.6) must obey the order
conditions

an(p);: 0(:2)' bn(p) = 0(:2), as n -'>00. (2.7)

We now combine these additional terms with those from the elementary theory. To do this we
integrate the last of (2.3) to provide a "v' (0, y, p)" (once again invoking the first of (1.6)) and take
(au" {ax) and (av a lax) so that when added to the corresponding elementary terms, satisfaction of
the edge conditions (2.1) is assured. We thus obtain

(2.8)

for 0::;; y ::;; h, Re p > O. Equation (2.8) concludes the postulation of the edge unknowns for
Problem A since differentiation with respect to y of the first two expressions therein gives
(au{ay) and (av{ay).

We can now proceed to open up the boundedness condition (1.16). Substituting (2.8) into
(1.16) (via (1.14)) and performing the subsequent .simple integrations yields

00

2: [C,,(n; s, p )an(p) +Cb(n; s, p )bn(p)] + Cc(s, p )uc(P) = FA(s, p), (2.9)
n=I.3,5.> _

for s ;: Sj(p) (satisfying (1.15)), where

(n_l)/2n7TS(e-l)[n
2

7T
2 2J/ 22Ca(n; S, p) = (-) h J('2 2h 2 + k, an f3n,

C (n's P)=(_)<n_I)/2[n
2

7T
2
S

2
(e-l)_ 2k 2J/ 2f32

b " h2 k2 an s an n,

(2.10)

with a/;: a 2+(n7T/2h)2 and f3/;: f32 + (n7T/2h )2. Equations (2.9) and (2.10) comprise an infinite
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set of linear equations for it C (p) and the Fourier coefficients a" (p), b" (p) (n = 1,3,5, ...). We
now seek a solution of this set for small p, considering first the Sj(p) as p -loO.

Asymptotics on R(s,p) of (1.12) give

(2.11)

where r(s) = sin 2sh +2sh. Hence Sj lim Sj(p) (j = 1,2, ...) are selected from the complex
p·....O

zeros of r(s) as those roots having a positive real part. Indeed only those roots in the first
quadrant are required in the present analysis because the elements in (2.9) are symmetric about
the real S -axis (i.e. C~(n ; s, p) = Ca(n ; S*,P), ct(n ; s, p) = Cb (n ; S*,p), C~(s, p) = Cc (s *,p)
and F;!i(s, p) = FA (s *, p) where the * denotes the complex conjugate of the quantity beneath it).
Robbins and Smith[5] list (in order of increasing real part) the first ten values of 2sh satisfying
r(s) 0 in the first quadrant.

It is shown in [4] that

lim {ddSj
} = 0 (j = 1,2, ...).t

p-o p (2.12)

It follows, as remarked in [1], that the zeros of r(s) in (2.11) are a good approximation to the Sj(p)
for a range of p small but greater than zero.

Continuing with our solution of (2.9) for small-p we consider the behavior of the "unknowns"
as p -lo O. On the basis of the premise that our elementary theory will in fact describe the nature of
the dominant time variation in the very long-time, we require ord{it c (p)} $ ord {p -~},

ord {a" (p)} $ ord {p -I} and ord {b" (p)} $ ord {p -I} for p -lo O. Moreover, for these terms to have
significant contributions to the long-time solution we need the orders of all three quantities to be
greater than one. In toto then we seek it C (p), a" (p), b" (p) such that

ord{I}<ord{u C (p)}$ord{p-2} as p-loO,

{} {
Ord{an(p)}} { _I}

ord 1 < ord{bn(p)} $ordp as P-loO.

(2.13)

Now expanding the terms in (2.10) for p -lo 0 and substituting the resulting expressions into the
set of equations for it C (p), a" (p), bn (p )-namely into (2.9)-produces, in view of the order
requirements (2.13),

for S = Sj(j = 1,2, ...), (2.14)

where Sn2=S2_(n7T/2h)2. Clearly (2.14) admits the solution an(p)=bn(p)=O for p-loO
(n 1,3,5, ...). This solution insists that, for the present small-p approximation, any
contributions to the edge unknowns other than those derived from the elementary theory must be

tEquation (2.12) corresponds to the result that the K, branches. with the exception of the lowest mode Ko, are normal to
the plane IJ) = 0 in the K -IJ) frequency spectrum.
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confined to UC(p). Further, since the boundedness condition has been freed of UC(p) in (2.14),

il C (p) endures as an unknown at this juncture. This indeterminancy may be attributed to the
problem in the near-field long-time domain asymptotically approaching a second boundary-value
problem in elastostatics (stresses prescribed), since this type of static problem admits an arbitrary
rigid displacement field.

The elastodynamic problem of the second type however, has no such arbitrary displacement
field which fact suggests that we turn to the far-field response in the present problem and look at
the boundedness condition as sand p tend to zero together. Under this limiting procedure,
R (s, p) = 0 gives as the lowest mode

(2.15)

Taking the positive sign in (2.15) defines an So which, for Re p > 0 and a range of p small but not
equal to zero, satisfies the requirements of (1.15). Hence the boundedness condition applies and
we take s = So and p ~ 0 in (2.9), (2.10) to obtain, in view of the order requirements (2.13) and the
solution of (2.14),

(2.16)

Equation (2.16) completes the determination of the small-p edge unknowns for Problem A. We
next focus our attention on the attendant formal solution.

Substituting the reduced version of (2.8) (il C (p ) = 0, an (p ) =bn (p ) =0) into the general
formal solution contained in equations (1.9) through (1.14) gives rise to

(2.17)

=( ) -aA [(e-2) 2 1 {aC.V( ) S ihV( )]
V s,y,p =pa2f32 --p-- sa Y+R(s,p) sv:'.1 s,y,p +73'1' s,y,p ,

with E)u = ki(e - 2)S(f32fkp )[ 'Y sinh f3h cosh ay +2af3 sinh ah cosh f3y] and similar expressions
for <I>", e" and <I>v which are suppressed here in the interests of brevity.* Equation (2.17) holds
for small p. In tackling its inversion we treat three ranges of S separately: (sfp)~oo as p ~O;

(sip) = c as P ~O, c a nonzero constant; and (slp)~O as p ~O.

For the first of these ranges-which corresponds to the near-field-(2.17) becomes

::: aA[Cp 1]u(s,y,p)=- --- +0(1) as p~O,
ps p s

(2.18)
- aAv(s,y,p)=-y+O(1) as p~O,

ps

tSetting So iKo P = iw in (2.15) gives Ko'" wle. as the lowest mode in the K-W frequency spectrum-the same
expression as may be established for the elementary theory of (2.2). This is the reason underlying the close agreement of the
exact and elementary theories for the long·time responses of waveguides to low frequency inputs.

~See [4] for details.
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for 0 $ y $ h, Re p > O. Inversion of (2.18) then gives

(2.19)

(e-2) AV(x, y, t) ~ --;zr-- (jAY as t --> 00,

for 0 < x < X, 0 $ Y $ h, where X demarks the extent of the near field. In view of the forms found
for the edge unknowns (see (2.8) with it C (p), an (p), bn(p) set equal to zero therein) the region of
validity for (2.19) may be extended to include x == O. Further, due to the uniformity in sand y of
the asymptotics on p for this case, (2.19) may be differentiated with respect to x and y to produce
the near-field long-time strains.

Turning to the case of sand p tending to zero concurrently-which corresponds to being in
the vicinity of the wavefront -(2.17) subject to this limiting procedure gives

= UA 2
u(s, y,p) == pkp(S + kp) [1 + O(p )]

= (e-2) UAY 2v(s, y, p) == --;zr-- p (s + kp) [1 + O(p )]

as s, p --> 0,

as s,p ~O,

(2.20)

for 0 $ Y $ h, Re p > O. Inversion of the terms in (2.20) then produces

as t ~OO,

as t ~OC.

(2.21)

Comparison of (2.21) with (2.19) demonstrates that the former applies on D. The analogous
asymptotics on sa and (dBIoy) furnish

as t ~OO, (2.22)

on D. Equations (2.21), (2.22) constitute our first far-field approximation for Problem A and
exhibit waves that are non-decaying in space and time with (2.22) attesting to the long-time
Poisson's ratio coupling of the longitudinal and thickness strains (e may be expressed as a
function of Poisson's ratio alone). Interesting is the fact that (2.21), (2.22) could have been
obtained from the elementary theory directly, though this is not what we have done in the present
treatment. Rather, we have shown that the elementary theory solution is obtained from the first
long-time approximation of the exact theory for Problem A.

A higher order approximation than (2.22), based on a second approximation to R (s, p), is
available for both sand p tending to zero and has been derived in work on a related mixed
problem for the circular bar (see Skalak[6]). This higher order approximation gives more of the
wave features than (2.22) and closely represents the physical nature of a longitudinal pulse in the
far-field of an end-loaded rod or plate. Accordingly this approximation will be derived here.

Taking s, p ~ 0 in R (s, p) == 0 and keeping higher order terms gives, as the branch having
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(2.23)

where g= (h 2/2)[(e - 2)/e]2 and Re p > O. Consequently, on considering the counterpart of
(2.20) for sa and (ail/ ay), one sees that the residues associated with the inner integral of the
double inversion formula (1.8) at S = So are given by

{

ReSidUe}{s1(s,y,P)}= _UAe-kPX[1_(~13}k/]{ 1 }+O(P)
at av p (e-2) ,

s = So ay (s, y, p) - ---p-

for p ~ 0, Re p > o. Using (2.24) to evaluate the inner integral in (1.8) then produces

au ( t) (e) av ( t) UA J. p['-(xlc )(l-[~13]k 2)] dp
ax x, y, - - e - 2 ay x, y, - - 27l'i Brp e p p p'

(2.24)

(2.25)

for p ~O and x, t large. The first of (2.25) reiterates the Poisson's ratio coupling of (2.22) for the
present approximation, enabling us to focus our attention on (au/ax) alone from henceforth.
Now the integrand in the expression for (au/ax) in (2.25) decays as 1m p ~OO. Thus Brp may be
translated to the imaginary p -axis provided we indent the contour near the origin. Collapsing this
indentation-thereby collecting the residue contribution from the simple pole at p = O-setting
p = iw and combining the resulting integrals from -00 to 0 and from 0 to 00 leads to

au ,1100

• (WX[ gw
2J ) dw 1-(x, y, t)/UA -- SIn - 1+- 2 -wt ---,

ax 71' 0 Cp 3 Cp w 2 (2.26)

for x, t ~OO. Using the integral representation of the Airy functiont (2.26) may be reduced to

(2.27)

for x, t ~OO, where Ai(-T/') is the Airy function and T'J (cpt - x)tVgx. Note that (2.27), our
second far-field approximation, is also non-decaying in space and time but unlike our first
approximation (see (2.22» exhibits dispersion. To compare the two approximations Fig. 3 shows
a plot of them both.

To conclude the inversion of the small-p formal solution for Problem A we consider the third
s-range, namely p small with s ~O. Under such a limiting procedure, (2.17) establishes that u, v
are 0(1). Hence we have no contributions to the displacements for t large, x ~ 00. Similarly it may
be shown that the strains are zero as x ~ 00 and thus our solution is in accord with the conditions
at infinity (1.4).

tCj. equation (2.15).
tSee, for example, Abramowitz and Stegun[7j, p. 447.
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Fig. 3. Long-time far-field response of the longitudinal strain.

3. PROBLEM B: THE LINE-LOAD

Following the procedures adopted in Section 2 we now seek long-time information for a
line-load impact on the end of our wave-guide (Fig. 4). Thus fIB is a positive quantity with the

h
8 (y)U(tl T xv =0

h

Fig. 4. Edge conditions for Problem B.

dimensions of force per unit length; 8(y) is the symmetric delta, a generalized function defined by

5(y) =~EJ 5(y; d), 5(y; d) =2~ [U(y +d) - U(y - d)](d > 0). (3.1)

Operations on 5(y) will be defined in general as the result of performing the equivalent
operation on 5(y ; d) then taking the limit d ~ 0. In view of this, the edge conditions for Problem
B-which may be expressed through (1.2) by

- [k2 au (0 ) 2 av 0 )] fIB ,;,
fIx (0, y,p) =/-L ax ,y,p +(k -2)ay( ,y,p = -pu(y),

_ [aii av ]
Txy (0, y, p) = /-L ay (0, y, p) + ax (0, y, p) = 0,

(3.2)
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for 0 ~ y ~ h, Re p > O-can be regarded as the conditions satisfied by the problem arrived at as
the limit, ~ ~O, of the sequence of normal loadings ux(O, y, t) = - uB 8(y; ~)U(t) acting on the
edge of our plate.

As in Section 2 we must now postulate forms for the edge unknowns in order to open up the
boundedness condition (1.16). In undertaking this postulation, the only differences encountered
between the pattern established for Problem A and that required for Problem B will be
occasioned by the singular nature of the latter problem. To facilitate the appraisal of such
singular nature we resolve Problem B, for the long-time, into three problems (Fig. 5). The first of
these, Problem BI, is the line-load on the elastostatic half-space, sometimes referred to as the
Flamant problem. Problem BI will provide the long-time singular parts of the edge unknowns.
The second problem, Problem B2, is the residual associated elastostatic problem. The stresses
applied on the plate-faces here (u~ and ±T~y) are of the same magnitude as those acting on the
corresponding sections of the half-space in Problem BI but opposite in sign. Problem B2 is made
self-equilibrating by the introduction of a uniform normal stress, UB /2h, acting on the plate
edge. The attendant edge values for this problem will contribute to the regular parts of the edge
unknowns. The third problem, Problem B3, is the uniform normal load applied to our waveguide,
recognizable as Problem A with a modified stress input. Problem B3 will furnish the dominant
time-dependence of the edge quantities in the long-time, thereby completing the selection of the
representations for the regular parts of the edge unknowns.

We now consider each problem in this decomposition individually; first, the singular problem.
For the Flamant problem at x = 0 we havet

_, uBh y aa' aB' uBh
u (0, y, p) = -p- In 11' ay (0, y, p) = -a:x(0, y, p) = -py'

_, UB7I'h aB' aa' UB7I'h
v (0,y,P)=-2pesgn(y), ay(O,y,p)=a:x(O,y,p)=- pk2 8(y),

(3.3)

for 0 < y ~ h, Re p > O-with extension to include y = 0 in an integrable sense whenever this is
asked for by the boundedness condition, (1.16).:1: Here sgn (y) = 2U(y) - I is the signum function
(sgn (0) = 0 by definition) and UB is the dimensionless stress input for Problem B defined by

(3.4)

Note that a' (0, y, p) in (3.3) is determined to within an arbitrary rigid-body displacement; such
indefiniteness is consistent with a second boundary-value problem in elastostatics and will be
incorporated in a aC (p) term in the same manner as in Section 2.

One should bear in mind that currently we are merely postulating the forms for the singular
parts of the edge unknowns. Accordingly (3.3) is only a reasonable guess as to what these terms
might be, based on the thesis that, in the near-field, the long-time singular nature of a problem
involving, exclusively, outward propagating disturbances is the same as the singular behavior of
the corresponding elastostatic problem. Should it transpire that this is not the case for Problem B,
the convergence of the Fourier series that we subsequently select will, at best, be attained only in
some generalized sense.

tSee the Appendix at the end of the paper for a sketch proof of (3.3).
:j:As intimated earlier, the integral from zero to some upper limit of an integrand containing 8(y) will be defined to be equal

to the limit, Il .... O, of the equivalent integral entailing 8(y; Il).
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PROBLEM B
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Fig. 5. Decomposition of Problem B.

For use in Problem B2 we set y = h in the stress distribution associated with the Flamant
problem to obtain

(3.5)

In choosing edge forms for Problem B2 we observe the similarity of the prescribed stresses at
x = °for this problem with those in Problem A. This similarity suggests that suitable
representations for the edge unknowns in Problem B2 would be the expressions in (2.8) with aA
therein replaced by -1T(l'B 14. However, Problem B2 has in addition to its edge stresses the
equilibrating plate-face stresses U ~ and T ~Y' t This fact further suggests that we modify the forms
arrived at subsequent to the replacement by dropping the -'Tf'(TBI4pkp term.

Now turning to Problem B3 we note its complete equivalence to Problem A subject to uBI2h
being equal to UA.1t follows that the appropriate forms for Problem B3 are obtained from (2.8) on
exchanging aA there for 'TraB 14.

Combining the edge unknown representations for these last two problems will cancel the
elements in i3 (0, y, p), (au1ax )(0, y. p) which give rise to ±'TrUB 12h and thus produce the compact
forms,

Ur (0, y, p) = :Bk'Tr + uc (p ) + _L an (p) cos ~~y,
p p n-l.3.5...

(3.6)

tSince the plate-face stresses (T~, r:, of (3.5) decay as x--> ce, Problem B2 is amenable to a finite-element treatment. Such
a treatment is outlined in Appendix I, [4].
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for O:s: y :S: h, Re p > O. Here, the r atop quantities denotes their regular nature; the UC (P) is once
again the transformed supplemental corner displacement.

Contingent upon the validity of the thesis that the forms in (3.3) will describe the singular
contributions to the edge unknowns in their entirety, the terms in (3.6) will in fact be regular and
consequently the an (p) and bn(p) there will comply with the large-n order condition of (2.7).
Moreover, such regularity then guarantees the validity of term-by-term differentiation of u', jj' in
(3.6). Thus, on adjoining (3.3) to (3.6) and the terms (au'lay), (ajj'lay) obtained therefrom, the
postulation of the edge unknowns for Problem B is concluded. t

Weare now in a position to open up the boundedness condition and evaluate the edge
unknowns for small p. To achieve this we closely follow the method established for Problem A in
Section 2. The forms for the edge unknowns for Problem B are substituted into the boundedness
condition (1.16) and the expanded (1.16) integrated. This results in an infinite system of linear
equations for the unknowns uC (p), an (p) and bn(p) which is similar to (2.9), the only differences
encountered being contained in an FB(s, p) term. The system has one equation for each Sj(P)

satisfying (1.15). For p small (as argued in Section 2) Sj (p)~ Sj (j = 1,2, ...), the roots of r(s) in
(2.11), and UC(p), an(p) and bn(p) obey the order requirements (2.13). In view of these order
requirements, the boundedness condition for Problem B reduces to,

(n+1l/2n2S[WTT, 'J 2 ".,.,2: (-) --;;-;;- -2 an + s6n = 2 , [(1 + stan S)SI(S) + sm s],
n~1.3_5_ .. _ Sn 1r cos S

(3.7)

for p ~O, S = Sj (j = 1,2, ...); wherein all quantities have been rendered dimensionless by the
introduction of an = pan (p )uBh, 6n = pbn(p )1uBh, S = sh, Sn2 = Sn

2 h2, with sin 2Sj +2Sj = O. Here
si (s) is the sine integral.:j:

As in [1,2], we now employ the method of reduction § to evaluate an, 6n • Results for the first
ten an and 6n found using twenty-four roots Sj, are displayed in the following table.

Table I

Fourier coefficient values
n an 6n

I -0·1129
3 -0-0242
5 0·0077
7 -0-0030
9 0-0014

II -0-0007
13 0-0004
15 -0-0003
17 0-0002
19 -0-0001

0-2891
0-0036

-0-0026
0-0011

-0-0005
0-0003

-0-0001
0·0001

-0-0001
0-0000

The numerical decay of the an, 6n values in the table is faster than lIn 2 for n > 3, in agreement
with our large-n order condition (2.7). Such numerical decay supports our thesis that in the

tDetails of the forms for the edge unknowns for Problem B and of the ensuing opening up of the boundedness condition
utilizing the forms are given in [4]_

tSee Abramowitz and Stegun[7], p_ 232_
§That is, solving the finite 2N x 2N system of linear equations associated with the first N roots 5j , then increasing the size of

the finite system solved until stable estimates of the desired number of an and 6n have been found_
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long-time near-field the singular nature of Problem B is the same as for the corresponding static
problem.

Using the an, 6nvalues of the table, the edge displacements associated with Problem B2 can
be evaluated, enabling comparison with the finite-element analysis given in Appendix I, [4]. Such a
comparison shows agreement to within I per cent.

The edge displacements associated with Problem B, however, cannot be evaluated at this
juncture since presently fie (p) is an unknown. To ascertain fie (p) we proceed as in Problem A
and consider the boundedness condition for the case of sand p tending to zero together. This
limiting process defines So as given in (2.15) and the boundedness condition associated with So

then furnishes the necessary additional equation for the determination of ue (p), namely

(3.8)

Substituting our numerical values for an into (3.8) then gives ue(p) aBu eh!p with it e == 0·935.
We have now completed the determination of the edge unknowns for Problem B. For the

purposes of exhibiting these results we remove the 1TaB /4pkp term, carry out the simple inversion
of the remaining terms and then define the static edge displacements (i.e. time independent
displacements) and their gradients as follows:

v v(0, y, t)/aBh == ~k~ sgn (y) + _i 6n sin ~~y,
n-l,3.5, ...

au [h ~ n1T, . n1TY] av ~ n1T 6 n1TY
- == - - + £.J 2 an sm 2h ' a == ~ £.J 2 n cos Zh'ay y n ~ 1,3.5" , Y n 1.3.5, " ,

(3.9)

for 0 < Ys; h, with (av/ay) having a symmetric delta at y == O. Using our numerical values of an, 6n
and setting e == 7/2 affords a means of calculating il, v, (ail/ay) and (aV/ay) of (3.9). The results
of this calculation are plotted in Fig. 6.

In proceeding to the small-p formal solution for Problem B, and thus to the long-time
solution, we substitute the now determined edge unknowns into (1.9) by means of equations
(1.10), (1.11), (1.13) and (1.14). Thereafter the inversion process is undertaken for the pertinent
three ranges of s in exactly the same manner as in Section 2. For the near-field this process
produces the edge displacements and their gradients. In the far-field, the process gives

for t ~ 00 on D, as the first approximation with

(3.10)

au
ax (x, y, t)- ( e) av( ) aB1T[f"1A·( ')d f 1]e-2 ay x,y,t - -4 Jo 1-1/ 1'/ +3 (3.11)
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Fig. 6. Static edge displacements and derivatives thereoffor Problem B.

for x, t ~ 00, as the second approximation. Comparison of (2.21), (2.22) with (3.10) and (2.25),
(2.27) with (3.11) demonstrates that the long-time far-field approximations for Problems A and B
are the same if equal normal forces act on the edge, x = 0, in both problems-that is, if
(J'A = (J'B/2h or equivalently aA = 7TaB/4.
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APPENDIX
Derivation of the singular parts of the edge unknowns cited in (3.3)

We indicate here how one derives the additional information for the familiar Flamant problem
which is required to establish the singular parts of the edge unknowns. In essence the derivation
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(1)

involves solving the Flamant problem (Problem B1) as the limit ~ ~ 0 of the sequence of kernel
problems indicated by 5(y; ~).

A kernel problem will thus constitute a second boundary-value problem in elastostatics for
the half-space (0 s; x < 00, -00 < Y< (0) with: (JAO, y; ~) =: aB 5(y; ~), Txy(O, y; ~) =: ° for
-00 < Y< 00, ~ >0; and ax(x, y; ~), ay(x, y; ~), Txy(X, y;~) all 0(1) as r~oo, r =:~. These
problems are tractable to Fourier transformation on y as a means of deriving their solutions. In
what follows we confine our attention to the results of such a derivation.

Consider the displacement field

u(x, Y;~) =: 2a;t2 [x{arctan (~) - arctan (Y ; ~)}

+ e{(y - ~)ln Yx 2 + (y - ~f- (y +~) In Yx 2 +(y + ~)2}J.

v(x, y;~) =: 2a;t2 [(Y -~) arctan (Y ~ ~) - (y +~) arctan (Y ; ~)

+ ex{ln Yx 2+ (y + ~)2 -In Yx 2+ (y ~)2}J
for x 2: 0, -00 < Y< 00, and wherein the arctangent ranges from -11' /2 to 11' /2. Differentiation of (1)
and substitution of the terms found thereon into the stress-displacement relations (viz. (1.2)

without the t-dependence) produces a stress field which satisfies the boundary conditions and the
conditions at infinity for a kernel problem. A second differentiation and substitution into the
time-independent counterpart of (1.1) reveals that u(x, Y ;~), vex, y ;~) of (1) satisfy the
displacement equations of equilibrium. Consequently u(x, y; ~), vex, Y;~) of (1) comprise the
appropriate values for a kernel problem.

Now for x =: 0, (1) yields

u(O, Y;~) =: ~~[(y -~) In Iy -~I-(y +~) In Iy + ~D,

au av O'Bh IY - ~Iay (0, Y; M=: - ax (0, y ; ~) =: M In Y+~ ,

v(O, y;~) =: - O'B;~ sgn (y; ~),

(2)

where sgn (y;~) =: (1- y /~)U(y -~) + (1 + Y/~)U(y +~) -1. Proceeding to the limit ~~O in (2)
then gives the elastostatic analogue of (3.3).


